Abstract. Building on an idea laid out by Martelli-Sparks-Yau in [32] , we use the Duistermaat-Heckman localization formula and an extension of it to give rational and explicit expressions of the volume, the total transversal scalar curvature and the EinsteinHilbert functional, seen as functionals on the Sasaki cone (Reeb cone). Studying the leading terms we prove they are all proper. Among consequences we get that the Einstein-Hilbert functional attains its minimal value and each Sasaki cone possess at least one Reeb vector field with vanishing transverse Futaki invariant.
Introduction
The general problem motivating our work is: given a polarized Sasaki type manifold (N 2n+1 , ξ), does there exist a compatible constant scalar curvature Sasaki (cscS for short) metric? This is a hard problem and the answer is conjecturally related to some notion of K-stability see [14] and is closely related to the analogous problem in (compact) Kähler geometry, see for eg. [16, 17, 35, 36] . Well-known obstructions are the K-stability see [14] , the transversal Futaki invariant [22] and the Einstein-Hilbert functional [28, 10] . In this paper we study the latter using the Duistermaat-Heckman localization formula developping on an idea of [32] . More precisely, given a Sasaki manifold (N, D, J, ξ o ) with maximal torus of automorphisms T ⊂ CR, the (reduced) Sasaki cone (or Reeb cone), denoted t + , is an open polyhedral cone in t = Lie(T ) and contains all the T -invariant Reeb vector fields on (N, D, J). Picking a quasi-regular Reeb vector field ξ o ∈ t + , that is, it induces a circle action S N. The action of T is defined on L and the fixed points set Z = ⊔Z consists in a disjoint union of symplectic suborbifolds of (W, σ). Moreover, the normal bundle of Z in M is T -invariant and splits with respect to the action into (real) rank 2 symplectic bundles ⊕ n−n Z i=0 E Z i on which T acts with weight κ Z i ∈ t * (where dim Z = 2n Z ). We recall and explain these facts in §4.1 and we then we use it to prove that
In [32] , Martelli, Sparks and Yau proved that the volume functional V is a rational function of ξ ∈ t + when the Kähler cone is Gorenstein. This hypothesis is not needed to get (1) and moreover by studying the leading term in (1) we get the following corollary Theorem 1.1. Let (N, D) be a compact contact manifold of Sasaki type of dimension 2n + 1 and t + a compatible Sasaki cone. The volume functional V : t + → R is a rational function homogenous of order −(n + 1). Moreover, V tends to +∞ when ξ approaches the boundary of t + .
We also derive a similar formula for the total transversal scalar curvature S ξ using the same orbibundle L → W and an extension, see Theorem 3.1, of the Duistermaat-Heckman localization formula. The formula is (2) S ξ = 2(2π)
As a direct consequence we get the following Theorem. Theorem 1.2. Let (N, D) be a compact contact manifold of Sasaki type of dimension 2n + 1 with a fixed class of compatible CR structures [J] . Let t + be a compatible Sasaki cone. The total transversal scalar curvature functional S : t + → R is a rational function homogenous of order −n. Remark 1.3. Tian used the Duistermaat-Heckman localization formula to compute the Futaki invariant of some Kähler manifolds in [37] . Using the relation found in [28, 10] , Tian's formula should be related to the derivative of (2) in the regular case. Remark 1.4. In the toric case the fixed points set consists in a set of isolated points. The formula (2) becomes (3) S ξ = 2(2π)
n j=0 κ p j , ξ ) which coincides with the one found in [28] using integration by parts.
The claims of Theorems 1.1 and 1.2 may also be obtained by studying the Hilbert series of the polarized Kähler cone associated to (N, D, J, ξ), see [14] , as pointed out to us by Tristan Collins.
Now by analysing the weights of the action of T on L, using the construction and Morse's Lemma we get that the leading term, when ξ ∈ t + tends to the boundary of t + , of the rhs of (2) is positive. From which we derive the following result. Corollary 1.5. When ξ ∈ t + tends to the boundary of t + , S ξ tends to +∞.
The Einstein-Hilbert functional is defined here to be the following homogenous functional (4) H(ξ) = S n+1 ξ V n ξ on the (reduced) Sasaki cone t + . In [28, 10] it is shown that this functional detects the Reeb vector field whose transversal Futaki invariant vanishes. That is fixing the isotopy class of (D, J) we have
This is our main motivation to study this functional and in particular, its critical points. Non-uniqueness is now known, indeed H is not convex and may possess many critical points [28, 12, 10] . In this paper we solve the question of existence by proving that H is proper on the convex (relatively compact) set of rays of the Sasaki cone. Corollary 1.6. The Einstein-Hilbert functional is an homogenous rational function on t + , tending to +∞ when ξ ∈ t + tends to the boundary of t + . In particular, it attains its minimal value along a ray in the interior of the cone t + .
Corollary 1.7. Any Sasaki cone contains rays of Reeb vector fields with vanishing transversal Futaki invariant. Moreover, any ray of Reeb vector fields with vanishing transversal Futaki invariant, in particular ray of cscS structures, is isolated in any 2-dimensional subcone of the Sasaki cone.
To obtain formula (2) we relate the total scalar curvature of the metric associated to ξ to the metric associated to ξ o on W in order to get something independant. The relation we found is quite explicit, see (32) and we get the following corollary. Corollary 1.8. Within a Sasaki cone there is at most one ray of vanishing transverse scalar curvature. Moreover, if there is one Sasaki structure with non negative transverse scalar curvature then the total transverse scalar curvature is non-negative on the whole Sasaki cone.
The next section gathers facts and convention we used in this paper. We present in Section 3 the localization formula of DuistermaatHeckman and the extension we need. In §4.1 we build the orbi-resolution of the cone we will use in the subsequent sections to prove Theorem 1.1 in §4.2 and Theorem 1.2 in §4.3. The final section first gathers the proof of the Corollaries 1.6-1.8. Then we discuss how the positivity (or non-negativity) of S ξ affects the transverse geometry, namely that in a certain sense the transverse structure is dominated by rational curves. Although the non-negativity of S ξ is sufficient for this, it is not necessary.
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Some facts and conventions in Sasaki geometry
2.1. Basics of Sasaki geometry. We give in this section the basic definitions and facts we need for our purposes. We refer to [8] for an extensive study of Sasakian geometry.
2.1.1. Sasaki cone. A Sasakian manifold of dimension 2n+1 is a smooth manifold N endowed with the following structures
• a co-oriented rank 2n contact distribution D;
• a CR structure J ∈ End(D) (i.e J 2 = −id D + integrability condition);
• a nowhere vanishing contact form η ∈ Γ(D 0 ), where
dη(·, J·); • a Reeb vector field ξ lying in the Lie algebra of CR-diffeomorphisms cr(D, J) and satisfying the conditions η(ξ) = 1 and L ξ η = 0.
Any 3 of these structures determine the remaining ones. For example, given (D, J, η) we get ξ by solving the equations involved, then Φ ∈ Γ(End(TN)), defined as Φ(ξ) = 0 and Φ | D = J and finally
Therefore, the space of Sasaki structures sharing the same CR-structure, denoted Sas(D, J), is in bijection with the cone of Reeb vector fields
where η is any fixed, nowhere vanishing, section of
To avoid confusion, we sometimes refer to a Sasakian structure redundantly by specifying all the structures involved like (N, D, J, η, g, ξ). From [8] we know that cr
is an open convex cone in cr(D, J), invariant under the adjoint action of CR(D, J). Moreover, the following result will be useful for our study.
Theorem 2.1. [9] Let N be a compact manifold of dimension 2n + 1 with a CR-structure (D, J) of Sasaki type. Then the Lie algebra cr(D, J) decomposes as cr(D, J) = t + p, where t is the Lie algebra of a maximal torus T of dimension k with 1 ≤ k ≤ n + 1 and p is a completely reducible t-module. Furthermore, every X ∈ cr + (D, J) is conjugate to a positive element in the Lie algebra t.
The (reduced) Sasaki cone is the set t + = t∩cr + (D, J). When seeking extremal or csc Sasaki metrics one deforms the contact structure by η → η + d c ϕ where the function ϕ is invariant under the maximal torus T . Thus, the Sasaki cone is associated with an isotopy class of contact structures of Sasaki type that is invariant under T . This fact has given rise to several equivalent definitions of t + , see [26, 14, 13] , and is also called the Reeb cone.
Kähler cones.
Recall, see for eg. [29] , that co-oriented contact manifolds are in one-to-one correspondence with symplectic cones. Given a co-oriented contact manifold (N, D) the symplectic cone over N is given by (D • the metricĝ is the unique Riemannian metric which is conic (that is L τĝ =ĝ) and restricts to g on the submanifold η(N) ⊂ D 0 + ; • the complex structureĴ is the unique complex structure which is homogenous of degree 0 with respect to τ (i.e L τĴ = 0) and restricts to Φ on η(N).
Convention 2.2. Given a manifold N we will denote the topological cone Y := N × R + , ι N : N → N × {1} the inclusion and r : Y → R + , the projection on the second factor. Any contact 1-form η on N gives rise to a symplectic structure
dη) and any compatible Sasaki structure (J, ξ) gives a compatible Kähler structure on Y aŝ
Then, by unicity, (Y, ω,ĝ,Ĵ) is the Kähler cone over (N, D, J, g, η, ξ). The compatible Kähler structure on Y is then determined by a choice Reeb vector field ξ ∈ t + giving rise to a polarized affine variety (Y, ξ).
2.2.
The transverse geometry. Most of the important structure of Sasakian geometry arises from its transverse Kählerian structure.
2.2.1. The transverse structure. One can consider the class Sas(ξ) of Sasakian structures having the same Reeb vector field. Let L ξ be the line bundle having ξ as a section. The inclusion L ξ ֒→ T N induces a sequence of bundle morphisms
For any CR-structure (D, J) in Sas(ξ), the restriction followed by projection D → Q ξ is an isomorphism and provides a complex structure J on Q ξ . One can consider the subclass of structures Sas(ξ,J) making the following diagram commutes.
With that comes a natural notion of transversal holomorphic vector fields h(ξ,J), see [9] . For a given Sasakian manifold, (N, g, ξ, D, J), the transverse Kähler geometry refers to the geometry of (D, J, g| D ). More precisely, N is foliated by the Reeb flow. So there are local submersions π α : U α → V α , where U α and V α are open subsets of N and C n respectively, such that π * α I = Φ where I is the standard complex structure on C n . In particular,
) is an isomorphism and the Sasaki metric is sent to a Kähler structure (g α , σ α , I) on V α . In the case where ξ is quasi-regular, equivalently, it is induced by the action of a closed 1-dimensional subtorus S 
Transverse automorphisms.
Convention 2.3. We will adopt the following point of view, brought from toric geometry. Instead of working with T ⊂ CR(D, J) a Lie group of diffeomorphism of N and t its Lie algebra of vector fields on N, we consider a torus T = t/Λ where t is the Lie algebra and Λ ⊂ t a lattice and an injective morphism φ : T ֒→ CR(D, J). Given a ∈ t, the vector field induced on N is X a = φ * (a) or, equivalently, is given at p ∈ N by
where exp : t → T is the quotient map. By maximality, a Reeb vector field ξ is necessarily induced from the action of T and so there exists b ∈ t such that ξ = X b . We denote t + = φ −1 (t + ) and call it the (reduced) Sasaki cone as well.
Let T be a maximal torus embedded in CR(D, J) with Lie algebra t. For any T -invariant compatible couple (ξ, η) (i.e. such that
in the sense that for any a ∈ t, we have
Such map always exists since one can take µ η , a = 1 2 η(X a ) (this is the one we pick in this paper). The image of µ η lies in the affine subspace
where b ∈ t + ⊂ t is such that X b = ξ is the Reeb vector field of η. Such an element b exists by the maximality of T .
We can consider the infinitesimal t-action on the open subset U α . Since ξ is induced by the action of T , this action descends as an infinitesimal action of t/Rb on V α . It is easy to see that the resulting action should be Hamiltonian. However, the (t/Rb)-momentum map is not the map µ η making the following diagram commute
Indeed the image of this one is not in (t/Rb) * (i.e µ η , a + tb = µ η , a in general). The moment map of the (t/Rb)-action on (V α , σ α ) can be taken to be
Remark 2.4. As a direct consequence of this discussion, for any a ∈ t * , we can see η(X a ) as a function on V α and more precisely, we can identify t with the set of affine-linear functions on the linear space
* , in the sense that
where the second term is a constant. and π * β ∇ T β coincide on U α ∩ U β , these objects patch together to define global objects on N, the transversal connection and curvatures
.. See [8, 22] for more details. These tensors are basic, notably the transversal Ricci form ρ T satisfies
and lies in the basic first Chern class 2πc
. Since the exterior derivative preserves this condition, the graded algebra of basic forms is a sub-complex of the de Rham complex. Moreover, one can define the basic exterior derivative d B as the restriction of the differential to these forms; its adjoint is δ B and the basic Lapla-
The Hodge Theorem holds for the basic cohomology in this context; for a Sasaki metric g there exists a unique basic function ψ g (of mean value 0) such that
where V ξ is the volume of (N, g) with volume form is
S ξ is the total transversal scalar curvature, that is
ands T is the average transverse scalar curvature. The volume of the Sasakian manifold (N, D, J, ξ) does not depend on the chosen structure in Sas(ξ), see [8] and the total transversal scalar curvature does not depend on the chosen structure in Sas(ξ,J), see [22] .
The Duistermaat-Heckman localization formula and extensions
Let (M, ω) be a symplectic compact manifold admitting a Hamiltonian action of S 1 generating the (Hamiltonian) vector field X ∈ Γ(T M) associated to H : M → R. In this section, to fit with [33] , we take the convention that
Let Z := FixS 1 be the fixed points set of S 1 . It is known that Z consists in a union of smooth symplectic submanifolds Z = ⊔ l Z l , so the normal bundle E Z of any component, say Z ⊂ Z, bears a symplectic structure as well and splits into a sum of rank 2 bundle E Z = ⊕ j E Z j according to the action of S 1 , acting on E Z j with weight κ Z j , here and after j runs from 1 to n − m Z where 2m Z = dim Z. The DuistermaatHeckman Theorem [18, 19] says that, under these conditions, we have
where, in the rhs, Z denotes a generic connected component of Z, H(Z) the (single) value H is taking on that component and ι Z : Z ֒→ M the inclusion. For any form ψ ∈ Ω(M), we denote e ψ = k≥0 ψ k k! . In the simpler case where H is Morse, equivalently, Z is a collection of isolated points, the formula reads
where e(p) is the product of the weights at p ∈ Z.
Here, we will use the following extension.
Remark 3.2. The Duistermaat-Heckman formula (13), (14) has been explained and generalized in term of equivariant cohomology by AtiyahBott [2] and Berline-Vergne [5] . The claim (15) is a particular case of Theorem 7.13 of [6, p.216] . A mixture of the equivariant cohomology approach and the original proof of Duistermaat-Heckman is given in [33] when H is a Morse function.
Remark 3.3. Whenever a torus T acts on (M, ω) in a Hamiltonian fashion and with a momentum map
it might be interesting to use Formula (15) when varying X = −X a , where a ∈ t lies in the lattice Λ of circle subgroups. Then H = µ, a and we have to replace κ
* . By continuity, Formula (15) is valid for any a ∈ t such that κ Z j , a = 0 for j = 1, . . . , n − m Z . Remark 3.4. As explained in [32] the Duistermaat-Heckman formula (13) holds on non-compact manifold assuming that Z lies in the interior of M and the measure tends to 0 on the boundary of M. Indeed, the proof is essentially of local nature, up to the final integration. Moreover, the power series involved in formulas (13) and (15) , are proved to coincide term by term. Therefore, it holds on non-compact manifold when understood as if the lhs (15) converges, then it coincides with the rhs of (15), which, then, converges.
Remark 3.5. Formula (13) also holds for orbifolds, as pointed out in [32] , with the slight modification
where d Z is the order of the orbifold group of the generic points of Z. Again this orbifold extension is also straightforward for formula (15) which becomes
Another case of extension is when ω is degenerated. Indeed, the only property of ω which is actually important is the relation X ¬ ω = dH, see [6] together with the nice properties of Hamiltonian group actions which may be ensured by other means than the nondegeneracy of ω.
Applications in Sasakian geometry
4.1. An orbi-resolution of the cone. Pick ξ o ∈ t + , a quasi-regular Reeb vector field on (N, D) with symplectic orbifold quotient (W, σ). [29] so that, with respect to the Convention 2.2, we have
Recall also that we have a natural smooth projection p : Y 0 → N.
On the symplectic product (Y 0 × C, ω o + ω std ) we consider the Hamiltonian function
≃ N × C and that ξ o − ∂ θ is nowhere zero on ν −1 (1/2). Therefore 1 ∈ R is a regular value of ν and we can perform the symplectic reduction
which is an orbifold with a natural symplectic form Ω defined by (18) f :
where · o denotes the action of 
Given u ∈ T we may consider the element [(u, 1)] S 1 A ∈ G, this gives an isomorphism making f an equivariant map. In what follows we identify the action of G and T using that latter map. The image ofν is identified with the truncated polyhedral cone {x ∈ Imμ ⊂ t * | x, b o ≥ 1/2}. The zero section W ֒→ L, with its induced symplectic structure is naturally identified with the symplectic quotient (W, σ), see (8) 
4.1.1. The weights of the torus action on the orbi-resolution. Let Z ⊂ L be a connected component of the fixed points set of T . In particular Z ⊂ W is seen inside L as the zero section. For p ∈ Z, the action of T gives a decomposition into equivariant bundles
Here, and in what follows, L p is canonically identified with its tangent in T L.
Since Z ⊂ W the fiber L p is one of the summand in the lhs of (19) and we put 
Therefore, the weight κ
The volume functional. To prove Theorem 1.1 in [32] when the Kähler cone is Gorenstein, Martelli, Sparks and Yau suggest to use the Duistermaat-Heckman formula (13) , proved in [18, 19] , on the crepant resolution of the cone (with its cone point), assuming the existence of an approximation of the pulled back cone metric on the resolution. Beside, they produce an algebro-geometric proof of their Theorem. Our proof follows the lines of the first suggested approach in [32] , but we get rid of the assumption on the existence of the approximation, use an orbi-line bundle and we don't need the assumption that the Kähler cone is Gorenstein.
Let (N,
for any a > 0. The natural idea is to use the Duistermaat-Heckman formula to expand the rhs term as a rational function of ξ ∈ t + ; however, ξ has no fixed point. An idea of Martelli-Sparks-Yau is then to use a resolution of Y and approximate the Kähler structure of (Y 0 , ω, J) on it.
We will use the Duistermaat-Heckman formula (16), Remark (3.3)of Martelli-Sparks-Yau and the observation (21) on the total space of L constructed in §4.1. Observe that in these formulas ω is not required to be symplectic and η does not need to be defined everywhere. Namely we note that 
(ii) equation (16) Observe that the restriction of the function z → |z| on ν −1 (1/2) ⊂ Y 0 × C (see §4.1) is well-defined on the quotient L and that |z| 2 is smooth. Moreover, |z| = f * r where the map f is defined by (18) and r is the projection on the second factor of Y 0 , see Convention 2.2.
The vector field ξ = X b , as a vector field on Y 0 , commutes with the action of ξ o , thus of A, and descends as a well-defined vector field, still denoted ξ = X b , on L. The contact form η ξ on N, associated to ξ, is not basic with respect to ξ o and thus, not well-defined on L a priori. However, we can defineη on L\W by imposingη(ξ) = 1, dη(ξ, ·) = 0 and thatη coincides with f * η on r −1 (1). It does not defineη uniquely but we only need these conditions to make our argument work. Note that ξ commutes with the vector field r d(r 2η ). Now we can forgetη and work with the rhs of (21) for a = 1. Indeed, the 1-formη cannot be extended continously on L but r 2η can and then ω is a smooth closed 2-form on L. So, the integrand of the rhs of (21) makes sense on L and then, because W has measure zero, we have
Here, we identify N with r −1 (1) ⊂ L. We can use (16) with ω, X = −ξ and H = r 2 /2 which are defined on the whole L. The equation ω(X, ·) = dr 2 /2 holds on W , because both sides vanish, and on L\W , thanks to the fact thatη(X) = −1, dη(X, ·) = 0 and ω = 1 2 d(r 2η ). Hence, using observations (ii) and (iii) above we get that (16) coincides with (22) . That is
where the last line comes from Remark 3.3 to highlight the dependance on b ∈ t + . In the formula (23), the fixed point set Z = ∪Z of X lies in W on which ω vanishes identically. Thus, in the integrand of the rhs of (23), only the first term of the power series in ι * Z ω does not vanish a priori. In conclusion, we have
which can be written as a rational function of κ Z j , b 's using the relation (1 − x) −1 = s≥0 x s . Since the integration over Z picks up only the term of degree 2m Z , the factor (2π) m Z goes out and we get a rational function of order −(n + 1) up to the over all factor (2π)
This concludes the proof of Theorem 1.1 ✷ Remark 4.1. If we start with a generic b ∈ t + , (25) holds for the dense open subset of t + of elements sharing the same fixed points set {Z} ⊂ W which coincides with the fixed points of T /S 1 ξo , the maximal torus acting on W . For example, in the toric case starting with a generic b ∈ t + , then {Z} is the fixed points set of the torus and so consists of a finite number of isolated points. In this case, formula (25) gives back the formulas in [31, 28] as expected.
Corollary 4.2. When b ∈ t
+ tends to the boundary of t + , V X b tends to +∞.
Proof. When b ∈ t + tends to the boundary of t + (but away from 0 ∈ ∂t + ), there is at least one point p ∈ N such that η o (X b ) p → 0 by definition of t + , see (5) . Therefore, p is a minimum of the function η o (X b ) = µ ηo , b and µ ηo (p) lies in the boundary of the polytope ∆ o = µ ηo (N) which, up to translation is the moment polytope of (W, σ, T /S 
is positive and tends to +∞ when κ
The total transversal scalar curvature functional.
4.3.1.
Variation of the transverse scalar curvature. The goal is to understand better how the function ξ → S ξ varies with ξ when D is a fixed (co-oriented) contact structure with a compatible CR structure (D, J) on N, see (6) .
Given a Sasaki structure (N, D, J, ξ, η ξ ) on N, we recall from [22] that (27) s
and ρ T ξ is defined on each patch U α ⊂ N as the pull back of the Ricci form ρ ξ,α of the Kähler structure (g ξ,α , ω ξ,α , I) induced on V α (see the notation from the second paragraph of §2.2, taken from [22] , here we add the indice ξ to emphasize the dependance in the structure).
Consider another Sasaki structure (N, D, J, ξ o , η o ) compatible with the same CR structure (D, J) and ξ o ∈ t + . The associated transversal Ricci form ρ 
.2).
Up to a constant, the pull back by π ξ,α of the function μ ξ ,
ξ,α f because π is a Riemannian fibration with totally geodesic fibers [38] . Therefore, on N, we have the global formula
In particular, putting f o,ξ := 1 2 ∆ go µ ξo , b we get that the 2-form
is closed and ξ-basic (i.e basic with respect to ξ). So the two closed 2-forms ρ T ξ and β lie in the same de Rham cohomology class, namely c 1 (D), and are both ξ-basic and J-invariant. Therefore, there exists a ξ-basic function f ∈ C ∞ B (N) such that (30) ρ
Note that any basic function f ∈ C 2 B (N) defines a function, still denoted f , on each chart V α and, applying a classical Kähler formula on (V α , g ξ,α , ω ξ,α , I) (see for e.g [23] ), we have
n n! where ∆ g ξ,α is the Laplacian associated to the metric g ξ,α . Therefore, we have for any basic function
is the basic Laplacian. Putting this, (30) and (27) in (11) and using the fact that η ξ ∧η ξ ≡ 0, we get
is linear with respect to
, another way to write (31) is
Corollary 4.3. Within a Sasaki cone there is at most one ray of vanishing transverse scalar curvature. Moreover, if there is one Sasaki structure with non negative transverse scalar curvature then the total transverse scalar curvature is non-negative on the whole Sasaki cone.
4.3.2.
A localization formula for the total transverse scalar curvature.
Using polar coordinates on Y 0 = N × R >0 , Fubini's Theorem and integration by parts, we have for any η ∈ Ω 1 (N), φ ∈ Ω 2 (N) and a > 0 (33) and (21) to modify respectively the first and the second term of the last line of (31) as follow
where ω = 1 2 dr 2 η ξ . Using Theorem 3.1 in the orbifold case (see Remark 3.5) with X = −ξ, H = r 2 /2, we get
Again, the fixed points set Z = ∪Z of X lies in W on which ω vanishes identically. Thus, in the integrand of the rhs of (35) , only the first term of the power series in ι * Z ω does not vanish a priori. In conclusion, we
Remark 4.4. Whenever the fixed points set Z of X consists in a set of isolated points Z = {p}, formula (36) simplifies as
Proof of Theorem 1.2. Using (36) and the facts that
Lemma 4.5. Let (M n , ω, J, g) be a Kähler orbifold endowed with an effective Hamiltonian isometric action of a torus T m and a momentum map µ : M → t * (where t := Lie(T )). For any Z, a connected component of Fix M T with dim Z = 2m Z , denoting the equivariant decomposition
Proof. We prove the lemma for M a manifold. Since the result is local this assumption is not restrictive. Let first recall some consequences of the Symplectic Slice Theorem, see for eg. [3, 30] . We choose z ∈ M, a fixed point of T and call φ : T → Symp(T x M, ω), the representation so that φ θ = d z θ where θ ∈ T is viewed as a diffeomorphism of M; we write the corresponding representation φ i : T → Symp(E 
by using twice the fact that z is a critical point of µ b and the Kähler condition ∇J = 0. Hence, since X b is a real holomorphic vector field, that is
where {w i , Jw i } is a normal symplectic basis of E i for i = 1, . . . , n−m Z and {w i , Jw i } n i=n−m+1 is a normal symplectic basis of T z Z. Thanks to the fact that X b is real holomorphic, it reduces
Consider the path θ t = exp tb in the torus T , so (dφ
seen as a section X b : M → T M. Recall that g induces a Riemannian metric on T M, denoted g as well, so the g-orthogonal decomposition into the vertical and horizontal parts of
A direct consequence of this Lemma, applied on Kähler orbifold (W, σ o ,J o ,ǧ o ), is that for ξ = X b , the function
when restricted on Z, is a rational polynomial. Actually it is a linear function with rational coefficients. Recall from §4. 
It is positive by the observations above, Lemma 4.5 and since c 1 (
The Einstein-Hilbert functional and Scalar Curvature
Here by scalar curvature we mean the transverse scalar curvature s 
Since it is invariant under the transverse homothety operation ξ → a −1 ξ with a ∈ R + , it descents to a function on the space of rays of the Sasaki cone t + . We have Lemma 5.1. When b ∈ t + tends to the boundary of t + , H(X b ) tends to +∞.
Proof. Both S and V tend to +∞ when b tends to the boundary of t + . Moreover, considering the leading terms (26) and (40) into Equation (4) and putting κ
where C(b) is a rational function tending to
Equation (32) has several interesting consequences. Recall the definition of the type of a Sasakian structure. A Sasakian structure (N, ξ, η, Φ, g) is said to be of positive (negative) if c 1 (F ξ ) can be represented by a positive (negative) definite basic (1, 1) form. If c 1 (F ξ ) vanishes it of null type. When none of these hold it is of indefinite type. If dim t + ≥ 2, then the Sasakian structure is either of positive or indefinite type.
Lemma 5.2. Fix a Sasaki structure S 0 = (D, J, ξ 0 ) such that its Sasaki automorophism group has dimension at least two.
(1) There is no more than one ray of Reeb vector fields ξ ∈ t + having vanishing transverse scalar curvature s T 0 and if there is one such ray r 0 then for all ξ ∈ t + \ {r 0 } we have
Note that if (1) of Lemma 5.2 holds, then the ray r 0 is the unique global minimum of the Einstein-Hilbert functional H and H(ξ) = 0 for all ξ ∈ r 0 . Moreover, no ξ ∈ t + has strictly positive scalar curvature. Somewhat more generally we have Proposition 5.3. If the dimension of t + is at least two and there exists ξ ∈ t + such that S ξ ≤ 0, then all elements of the Sasaki cone are of indefinite type.
Proof. Since Dim t + > 1, a Sasakian structure is either positive or indefinite. Suppose to the contrary that there is a Sasakian structure in t + of positive type, then taking this to be ξ o in (32) gives a contradiction.
5.1. A Global Minimum. We now show that H always attains a global minimum. Proof. Recall [10] that a set Σ is a transversal subset of t
and that Σ meets each ray passing through t + in a single point and is a codimension one relatively compact subset of t + whose closure does not contain 0. Lett + denote the closure of t + . Since H(ξ) is scale invariant, H| Σ is independent of Σ. We choose Σ to be any intersection oft + with a transverse hyperplane. Then P =t + ∩ Σ is a simple compact convex polytope. Now by Lemma 5.1 H(ξ) tends to +∞ as ξ tends to the boundary ∂P . Thus, since H is a continuous function on the interior P o = P \ ∂P there exists ξ min such that H(ξ) ≥ H(ξ min ). This proves the first statement.
For the second statement we assume that S ξ min = 0. Then it follows from [10] that the Sasaki-Futaki invariant F ξ vanishes at ξ = ξ min . So if S min is extremal it has constant scalar curvature.
Note that the ray r min of ξ min is generally not necessarily unique. However, by (1) of Lemma 5.2, it is unique if there exists a Sasakian structure in t + with vanishing transverse scalar curvature in which case H(ξ) ≥ 0 for all ξ ∈ t + and equality holds if and only if ξ = aξ min where a ∈ R + . In this case we get a unique global minimum. Explicit examples are given by Proposition 5.17 of [11] .
There are counterexamples to the second statement of Theorem 5.4 if we drop the hypothesis that S min is extremal. See [13] for many examples where the entire Sasaki cone is relatively K-unstable and admits no extremal Sasaki metrics.
Another functional of interest to handle the case when S ξ < 0 and n is odd, is defined by
It follows as in the proof of Theorem 5.4 that H 1 also has a global minimum ξ 1min giving
for all ξ ∈ t + .
Positivity and Rational Curves.
Recall that a projective algebraic variety X of complex dimension n is said to be uniruled if there exists a dominant rational map X ′ × CP 1 X where X ′ is a variety of dimension n−1. It is well known that a uniruled variety has Kodaira dimension −∞, and that there is a rational curve through each point. Its relation with Sasakian geometry was mentioned briefly in Theorem 7.5.33 of [8] which states that a compact quasi-regular Sasakian structure of positive type has a uniruled quotient variety. This follows directly by a result of Miyaoka and Mori [34] . In the simply connected case there is a topological classification of positive Sasakian 5-manifolds due to Kollar [27] which shows how the existence of irrational curves determines the torsion in H 2 (N 5 , Z) (see also Section 10.2.1 of [8] ). However, a recent result of Heier and Wong [25] shows that the hypothesis that the Sasaki manifold be of positive type can be weakened considerably.
Theorem 5.5 (Heier-Wong). Let N be a regular compact Sasaki manifold with Reeb field ξ.
(1) If S ξ > 0, then its quotient variety is uniruled.
(2) If S ξ = 0, then either its quotient is uniruled or its canonical line bundle is torsion. In particular, if the dimension of t + > 1, the quotient is uniruled. Remark 5.6. It appears quite likely that this result can be generalized to the quasi-regular case, although one would need to work with the orbifold canonical bundle. This seemingly entails generalizing the methods of Boucksom-Demailly-Pȃun-Peternell [7] to the case when the variety X is a normal projective variety with cyclic quotient singularities. Nevertheless, below we are able to generalize Theorem 5.5 to a certain class of orbifolds.
The non-negativity of a particular S ξ is, however, far from the last word. Indeed, Example 5.16 of [11] gives a quasi-regular Sasakian structure on an S 3 bundle over a Riemann surface of genus 23 with constant transverse scalar curvature equal to −16π. This is not only uniruled, but a ruled manifold.
Here we are content to consider a special case.
Theorem 5.7. Let N be a compact manifold of dimension 2n + 1 with a CR-structure (D, J) of Sasaki type with Sasaki cone t + of dimension at least two. Suppose further that all quasi-regular ξ ∈ t + have S 1 quotients of the form (W ξ , ∆ ξ ) where W ξ is a smooth projective variety and ∆ ξ is a branch divisor depending on ξ. If S ξ ≥ 0 then W ξ is uniruled.
Proof. Recall [8] that a branch divisor has the form
where D i is an irreducible hypersurface contained in the orbifold singular locus and m i is the ramification index of D i and the sum is finite. The orbifold first Chern class and the first Chern class of X are related by
where L i is the line bundle associated to D i . Now 2πc 1 (W ) is represented by the Ricci form ρ W , and 2πc orb 1 (W, ∆) is represented by the orbifold Ricci form ρ orb which is the pushforward of the transverse Ricci form ρ T which is well defined since it is basic. Let ω be any Kähler form on X, then by the work of Demailly [15] Actually by looking at sequences of quasi-regular Reeb fields that approach the boundary of t + , we can do better.
Corollary 5.8. Assuming the hypothesis of Theorem 5.7, if there exists a sequence {ξ k } of quasi-regular Reeb fields tending to the boundary in t + and such that W ξ = W ξ k is independent of k, then W ξ is uniruled.
Proof. Since the dimension of t + is a least 2 we know by Corollary 4.6 that S ξ → +∞ near the boundary. So there exists a quasi-regular ξ ∈ {ξ k } ⊂ t + such that S ξ > 0.
Our assumption that all quasi-regular ξ ∈ t + have a codimension one orbifold singular set is restrictive. It is, however, realized by a fairly large collection of Sasaki families, for example, those coming from the S 3 w -join studied in [12] . For these one can also easily construct sequences satisfying the conditions of Corollary 5.8.
